We survay our recent results on fractional gravity theory. It is also provided the Main Theorem on encoding of geometric data (metrics and connections in gravity and geometric mechanics) into solitonic hierarchies. Our approach is based on Caputo fractional derivative and nonlinear connection formalism.
Introduction
Recently, we extended the fractional calculus to Ricci flow theory, gravity and geometric mechanics, solitonic hierarchies etc [1, 2, 3, 4, 5, 6] . In this work, we outline some basic geometric constructions related to fractional derivatives and integrals and their applications in modern physics and mechanics.
Our approach is also connected to a method when nonholonomic deformations of geometric structures 1 induce a canonical connection, adapted to a necessary type nonlinear connection structure, for which the matrix coefficients of curvature are constant [7, 8] . For such an auxiliary connection, it is possible to define a bi-Hamiltonian structure and derive the corresponding solitonic hierarchy.
The paper is organized as follows: In section 2, we outline the geometry of N-adapted fractional manifolds and provide an introduction to fractional gravity. In section 3, we show how fractional gravitational field equations can be solved in a general form. Section 4 is devoted to the Main Theorem on fractional solitonic hierarchies corresponding to metrics and connections in fractional gravity. The Appendix contains necessary definitions and formulas on Caputo fractional derivatives.
Fractional Nonholonomic Manifolds and Gravity
Let us consider a "prime" nonholonomic manifold V is of integer dimen- 
A fractional N-connection is defined by its local coefficients
For a N-connection α N, we can always construct a class of fractional (co) frames (N-adapted) linearly depending on α N a i ,
The nontrivial nonholonomy coefficients are computed
In above formulas, the values α Ω a ji are called the coefficients of N-connection curvature. A nonholonomic manifold defined by a structure α N is called, in brief, a N-anholonomic fractional manifold.
We write a metric structure
where matrices
for the signature of a "prime" spacetime V, are obtained by frame transforms
V is defined as a linear connection preserving under parallel transports the Whitney sum (1). We can associate a N-adapted differential 1-form
parametrizing the coefficients (with respect to (3) and (2)) in the form
α d y acts on fractional differential forms in N-adapted form; the value α d := α e β α e β splits into exterior h-and v-derivatives when
The torsion and curvature of a fractional d-connection α D = { α Γ τ βγ } can be defined and computed, respectively, as fractional 2-forms,
There are two another important geometric objects: the fractional Ricci
and the scalar curvature of fractional d-connection
with α g τ β being the inverse coefficients to a d-metric (4).
We can introduce the Einstein tensor α Ens = { α G αβ },
For various applications, we can consider more special classes of dconnections:
• There is a unique canonical metric compatible fractional d-connection
, satisfying the conditions α T i jk = 0 and α T a bc = 0, but α T i ja , α T a ji and α T a bi are not zero. The N-adapted coefficients are given in explicitly form in our works [1, 2, 3, 4, 5, 6 ].
• The fractional Levi-Civita connection α ∇ = { α Γ γ αβ } can be defined in standard from but for the fractional Caputo left derivatives acting on the coefficients of a fractional metric.
On spaces with nontrivial nonholonomic structure, it is preferred to work With respect to N-adapted fractional bases (2) and (3), the coefficients of the fractional Levi-Civita and canonical d-connection satisfy the distorting
where the N-adapted coefficients of distortion tensor Z γ αβ are computed in Ref. [6] .
An unified approach to Einstein-Lagrange/Finsler gravity for arbitrary integer and non-integer dimensions is possible for the fractional canonical dconnection α D. The fractional gravitational field equations are formulated for the Einstein d-tensor (9), following the same principle of constructing the matter source α Υ βδ as in general relativity but for fractional metrics and d-connections,
Such a system of integro-differential equations for generalized connections can be restricted to fractional nonholonomic configurations for α ∇ if we impose the additional constraints
There are not theoretical or experimental evidences that for fractional dimensions we must impose conditions of type (12) but they have certain physical motivation if we develop models which in integer limits result in the general relativity theory.
Exact Solutions in Fractional Gravity
We studied in detail [2] what type of conditions must satisfy the coefficients of a metric (4) for generating exact solutions of the fractional Einstein equations (11). For simplicity, we can use a "prime" dimension splitting of type 2 + 2 when coordinated are labeled in the form u β = (x j , y 3 = v, y 4 ), for i, j, ... = 1, 2. and the metric ansatz has one Killing symmetry when the coefficients do not depend explicitly on variable y 4 .
Separation of equations for fractional and integer dimensions
The solutions of equations can be constructed for a general source of type 3
For such sources and ansatz with Killing symmetries for metrics, the Einstein equations (11) can be integrated in general form. We can construct 'non-Killing' solutions depending on all coordinates when
for any α ω for which
Configurations with fractional Levi-Civita connection α ∇, of type (12), can be extracted by imposing additional constraints
where the partial derivatives are
being used the left Caputo fractional derivatives (A.3).
Solutions with
For simplicity, we provide only a class of exact solution with metrics of type (13) when α h * 3,4 = 0 (in Ref. [2] , there are analyzed all possibilities for coefficients 4 ) We consider the ansatz
We have to constrain the coefficients (16) to satisfy the conditions (14) in order to construct exact solutions for the Levi-Civita connection α ∇. To select such classes of solutions, we can fix a nonholonomic distribution when α 2 n k x i = 0 and α 1 n k x i are any functions satisfying the conditions
where, for instance, we denoted by α h 4 [ α φ] the functional dependence on α φ. Such conditions are always satisfied for α φ = α φ(v) or if α φ = const when α w i (x k , v) can be any functions with zero α β and α α i , see (17)).
The Main Theorem on Fractional Solitonic Hierarchies
In Ref. [6, 7, 8] , we proved that the geometric data for any fractional metric (in a model of fractional gravity or geometric mechanics) naturally define a N-adapted fractional bi-Hamiltonian flow hierarchy inducing anholonomic fractional solitonic configurations. 
